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Floating Point Arithmetic

* Representing numbers on a computer

E.g. None of the following can be represented exactly on a computer b/c binary representation does not

terminate a string of bits
= 3.14159...
V2 =1.4142...
1/10
e Error propagation/rounding error

E.g. 4 digit mantissa computer with rounding (following called subtractive cancellation)

0.1234367 < stored as 0.1234
—0.1234216 <+ stored as 0.1234

0.0000151 < computer gives 0
* Conditioning / stability
Measures how small changes (perturbations) in the initial input affects the general result
Conditioning refers to functions. Stability refers to algorithms.
E.g. subtractive cancellation is an unstable algorithm.

For functions F : R — R, cond(F') measures how changes in input z affects output f(z). The smaller the better.

Linear Systems of Equations
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Solve AZ = bwhere A € R”X”,B e R", 2 e R"

Direct method - Gaussian elimination

* process: factor A = LU where L € R™ " is a unit lower triangular matrix, U € R™*" is upper triangular

(LU)x=b
~—
d
Ld=bDb
Ux=d
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[terative method

(L+D+U)x=b
Lx+Dx+Ux=Db

Dx=—-(L+U)x+b=c
—(L+U)x*+b k=

Dx(k+1) —

< solve for d via forward elimination

<+ solve for x via backward substitution

‘ﬁorwarc\ e[fmh

L)ack"\-ﬂrc{ S'ullo\

eOLch iter
‘FU‘C‘ES "\ C‘;\/iSlbﬂ;

e Start with an initial guess, typically (® = 0

* How do we measure convergence?
X-test: ||x**1) — x(*)|| < tolerance
F-test: |[b — Ax®)|| < tolerance

e Which test is more reliable?

)

d?.: bz — £L|d1

/K"I.-'l z dn—l - uﬂﬂ xn

e J

Xﬁzci/du

Xn= Cn/dnﬂ

Write A = L + D + U where L is lower triangular, D is diagonal, U is upper triangular

+ diagonal system, which € O(n)
0,1, ...

until convergence

()

O(n) - (]

Often use both tests. Use iterative refinement/imnrovement to nossiblv improve the computed solution &
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Non-linear Equations

* Solve F(z) = 0 for z*, which is the root of the equation
[s the equation linear? Is there a solution? How many solutions?
linear: F(z) =2z + 7
non-linear: F(z) = 2z% + 7
non-linear: F(z) =z — e °
e Algorithms based on the fixed point problem

F(z )=0<—= z=9( .z )

~—~ ~—~
root x* fixed point x*
g9(x) =z = F(x) . . .
| here h h 1 f
Can always use (2) =z — h(z) - F(z) where h(x) is the auxiliary function

* Fixed pointiteration
Initial guess: ¢(*) =?, then iterate z(**1) = g(z ()

Newton's method for f(z) =0

&

$k+1 — nk

Approximation / Interpolation

Data fitting

 Find a line that goes through 2 points (%o, yo), (t1, 1)

ag + aity = Yo
ap +ait1 =y

OR Az =b

ISR

* Find a line that goes through 3 points (¢o,v0), (t1,¥1), (t2,¥2)

ag + a1ty = Yo
ap +aiti =y
ag + a1tz = Yo

OR Az =0b
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1 t Yo
ao

1 [ } = |y
ai

1 % Y2

e Non square

= overdetermined

= More rows than columns
= [n general, no unique sol'n
= Look for best possible fit
ex. find ag, a; s.t. |Az — b is minimized
= underdetermined
= More columns than rows
= [n general, infinitely many solutions

» Look for a family of solutions

Or use piecewise interpolants (potential problem: piecewise interpolants are not smooth)

Numerical integration / quadrature
Problem: estimate fab f(z)dz

Base idea: integrate piecewise and sum the areas
P3/24
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Relative Residual vs Relative Error

Because of machine round off error,

e PA= LU becomes P(A + E) = LU, where P, L, U are the computed factors.
e Then solving AZ = b becomes solving (A4 + E)& = b, where Z is the computed solution.

e Letting Ez =7, (A+ E)Z = bbecomes Af + 7 = 3, where 7 = b — A% is the residual. (We would like this to be 0

).
We can show that if row partial pivoting is used, the error and relative residual M are bounded
]
* |E|| £ k-eps- ||A|l| where k is not too large and depends on n.
[ S k-eps- [B] = 1 < k- eps
Il

|_' AH

— A = z
However, this does not mean that |Z — Z|| or relative error W
T

is small.

What's the relationship between relative error and relative residual?

A
A

S

T = A@-) =7
—-T

We have {

S o

>
Il

Derive upper bound:

~& P @ -] = [|ATF| < AT

A—l
= Az — o] = [[Az]| < [[A[[llz]]

SR
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Combining the above: ere ||4| ||[A7|| = cond(A)

Derive a lower bound:

F=AGE - 8) < [l <Az - 2]
¢+ =47 = |7 < A5l

AllZ — 2 . oA -
Combining the above: | HHf il > HTHA = Ha:qu > — I7]
1l [[A=E[[]o] Il ollAl 1A=
Combining:
we have — I < H:r::a:H SCOHd(A)M
16]| cond(A) 1] 18]

If cond(A) is very large, problem is poorly conditioned. Small relative residual does not mean small relative error

(the bounds are large).

If the cond(A) is not too large, the problem is well conditioned and the small relative residual is a reliable indicator

of small relative error.

Conditioning is a continuous spectrum, how large is "very large" depends on context.

Example

{0.780 0.563} - [0.217

T =
0.254

1
, we know true solution is Z =
0.913 0.656

0.999 0.341
Consider two computed solutions, Z; = { ] 5 { }

—1.001)""* ™ [—0.087
t_E L Ag —0.001243] L Az —0.000001
r1 = — r1 = To = — o =
' ' |-0.001572) " 2 0
”z“;‘ﬁlu is much smaller than Hﬁ;ﬁ” as expected (since Z, is a terrible solution) , but ?*Tl is much larger than %

— relative residual is not a reliable indicator of relative error.

Let's take a look at cond(A).

0.656  —0.565
—-0.913 0.780

At =108 [ }, where 10° = detl(A)

|Alloo = 1.572, || A7 =1.693 - 10° = condu(A4) = || Al|e||4 7|, = 2.66 - 10°

W < 2.66 - 106H, i.e. relative error in = could be as big as 2.66 - 10° times the relative residual.
r
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Thus this A is a poorly conditioned matrix.

Iterative Improvement

Can we improve Z ? One easy way is to improve mantissa length.

We want to solve AZ = b, having already solved (A+E)z = bor Ai+7=15

Subtracting the two equations yields A(Z — &) = 7, so we let Z = & — &, and solve AZ =7

Then Z = & + Z, but this is a fallacy since we can not solve for Z exactly. Thus we get 2, and not z.

But if we were to get 2 leading digits correct in Z, then we will get 2 leading digits correct in 2, and then we will have

4 leading digits correctin & + 2

The Algorithm

Compute (¥ by solving AZ = bina floating point system.

Fori=0,1,2,... until solution is good enough (or until convergence failure)

1. Compute the residual: 7@ = b — Az®
2.Solve AZ() = () For some 3 = ¢z — z;
3.Update 20+ = £ 4 30)

Why is ;1 better than x;?

z! is the first element of x where Az = b and z' =. d1dad3d,. . .
In the first iteration we get z§ =. di1dadsdy. . .

zo is solved from Azy = 7y

zo = 0.00z324252¢

T1 =x9+ 20 = O.dldQJgd4 + 0.00z3z4252¢

since z3 = d3 — ds and 24 = dy4 — d4

we have that z; =. d1d2(ci3 + 23)(34 + 24)
—_——N—

ds dy
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Fixed Point Iteration

Problem: F: R — R
We need to some F(Z) = 0 for some Z € R (root finding problem)

Typically, we cannot find a "closed form" (analytic) solution to non linear F’, which is why we need numerical

techniques.

We can find iterative methods which generate an approximation #3,k = 0,1,2,... such that £, — Z ask — oo

Fixed Point Methods

Given a root finding problem, F'(Z) = 0, this is equivalent to a fixed point problem Z = g(Z), where & is a fixed under

g

Example: F(z) = z — e %, this is equivalent to finding the fixed pointof x = e~

We often use the algebraically equivalent fixed point problem to solve the root finding problem because there is an

obvious iteration algorithm to do so.

To obtain a working g(z), we can use 2 forms:

e g(x) =z — F(z) <+ first form
" F(2)=0< 2 =g(2)
* g(x) =z — h(z)F(z) <+ second form

» F(Z) =0= % = g(&), however we can have a fixed point & = g(&) such that h(Z) = 0 but F(&) # 0

= Advantage: there is flexibility in designing g(x) to make iteration converge faster.

Start with an approximate solution Z then iterate: T, =9 (afk), k=0,1,2,... until convergence/failure.

Example: Let F(z) = 2% + 2z — 3 with exactroots & = 1, —3

z%+2zk—3

Consider the fixed pointiteration (FPI): zx1 = z + ~— 24203

z2-5

for the fixed point problem z = g(z) = =z +
We see that this is the second form of the fixed point problem, where h(z) = ———~

FPI of #p = —5 — }, converges to —3.

However, FPI of £y = 5 — 2} does not converge. We can keep trying, but that would be a significant waste of time.

P5/24
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Fixed Point Theorem

If there is an interval [a, b] such that V z € [a, b]

* g(z) € [a,0]
* lg@)I<L<1

then g(z) has a unique fixed point in [a, b]

Proof

Recall the Mean Value Theorem (MVT)

(b) — f(a)

If f is continuous on [a, b] and differentiable on (a,b), then I cs.t. f'(c) = f 2
—a

> [f(b) = f(a) = f(c)(b - a)

Start with any #, € [a, b] and iterate with Z;,; = g (£%),k = 0,1,2..., then all #; € [a,}]

Moreover, by the MVT, we have that for some ny, € [zx_1, %] C [a, D]

Tri1 — xp = g (k) — g (2h1)
=g (m) (T — 1)

zri1 — k| < |g' ()] |z — 2|
< Lz — zp1]

<
< LRz — o

As k — 0o, RHS — 0 since L < 1, so LHS |zj11 — x| — 0
This means the fixed points are converging to some Z € [a, b
To complete this proof, we must show:

1.z = g(Z) (ie, Z is a fixed point!)

2. Z is unique in [a, b]
Example How do we use FPT?
F(CL’) =z—e"=0 andg(m) =e Tforx = g(w)

What is the maximum interval of guaranteed convergence of xj ?
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Rate of Convergence

I—x
We have p-th order convergence to fixed point & if lim ’~—k+1\ =c#0
T—T ’.’E — a:k‘p

Example: Table of absolute error of iterates, |Z — x|

kip=1c=1/2|p=2,c=1
0 1071 107t
1 5.1072 1072
2| 25.1072 1074
3| 1.25-1072 1078
4| 6.125-10°° 10716

We see that the second column converges much much faster.

Thm (FPI Convergence)

For the Fixed Point Iteration zj,; = g (z), we have p-th order convergence to Z if ¢'(2) = ¢" (&) --- = g® V(&) =
but ¢?(z) #0

Proof

Recall: the Taylor series of a function is an infinite sum of terms that are expressed in terms of the function's

derivatives at a single point.

"(a)

F"(a)

o no__ o o 2 o & .

> e = @)+ e @) e ) TP e )+
So letting zx+1 = g (k) = g (Z + (zr — &)), its Taylor expansion is

. s (zp — &), _ (zp — &)1 (z, — Z)°

zhi1 = 9(%) + (zr — )9 (&) + —5——9"(&) + - + ————=—g" V(@) + ————9g" (m)
2! (p—1)! p!

where n;, € [Z, ]
However, if ¢'(2) = ¢" (&) = --- = g® V(&) = 0, the Taylor expansion yields
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(2 —8)°

Trp = g(2) + Tg(p) (M)

Tri1 — g(2) 1

p— !
_ 5 1

N (a;k+1 i.)wp _ Fg(p) (nk)
K — !

We see thatas k — oo,z — &, € [i’,a:k] — T

We can rewrite this as

|wk+1_:i| - 1 (

. - )A
lim = p!gp(cc)yéO

T —T |{I‘,‘k — i‘p
Thus we see that when the p-th derivative of g at & is not zero, we reach p-th order convergence.

We see that now we can use the second form of the fixed point iteration g(z) =  — h(z)F(z) to accelerate iteration

by picking a h(z) such that the p-th derivative of g is not zero at Z.

Newton's Method

F(zz)
For Lht1 — Tf — m

root finding problem of F(z) =0 < z = g(z) with g(z) = = — —5,((?)
This is the second form of the fixed point problem with h(z) = F+@

Speed of Newton's Method

Suppose that F'(Z) = 0 but F"(Z) # 0

Fl(@)F'(z)-F(x)F"(z) _ F(z)F"(z)

!
—=1— —
g(2) (7))’ (F(2))’

so ¢'(Z) = 0 for any function F.

By rate of convergence theorem, Newton's method has at least quadratic convergence (p=2), since ¢'(Z) = 0 for

any function F'
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Geometric Interpretation of Newton's Method

To solve F(z) = 0 at an initial guess zj, , we can approximate (or model) F(z) by a linear polynomial p(z) that

satisfies conditions: p (zx) = F (zx) and p’ (zx) = F' (zx)
Recall MVT: f(b) — f(a) = f'(c)(b—a) <= f(b) = f(a) + (b—a)f'(c)
So we have the following polynomial
pr(z) = F (xx) + (z — z) F' (k)
Tj.1 is the root of pi(z), i.e. pi (zg+1) =0

= F(:L’k) + ((Bk+1 — zck)F’ (:Ek) =0

= T4l = Tk — F(2y)
k+1 kT (@)
Note Newton's Method does not always converge.
Example Newton's methodon F(z) =z —e*
F () zp—e % (14+xp)e ™
Tpt1 = Tk — =Tk — — = _
F' (x) 1+ e 2 1+e

Secant Method

Recall NM: 1 = & — 5,((2’2)) , notice that we have to supply the first derivative of F’

F(zy)—F(zg-1)
Tp—Tr—1

We can approximate F’ (zy) by , then

(T — Tr-1)
F(.’I}k) — F(C(,‘k_l)

Tpi1 = xp — F (xk)

Another way to derive this is using the geometric interpretation.

p() = F (i) + (¢ — x) F' (z4)
= F(zp) + (z — 1) Flaw) - Flaw)

F(:ck) — F(:Bk_l)

Tp — Tk—1

Let 2111 be the root of pi(z), i.e. pp(zki1) = 0 = F(zg) + (Tpr1 — k)

However, this is not a fixed point iteration of the form z; = g (x), as no function g could support two values.

We cannot directly use FPT or RCT to analyze this method. However, with some adjustments we can prove rate of
convergence is p = ”—2‘/5 ~ 1.62
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Super Linear Convergence

F(zx)
F'(z)

Newton's Method: z;, 1 = zf — +—p=2
F(zy)

Fop)—F(og_1)
o1

(zr—2p-1)

Secant Method: Lht1 — Tf — =Tk — F(IEk)m —p= 1.62

But we see that Newton's method requires 2 Function evaluations per step as F, F' are not the same.

The secant method requires only 1 function evaluation. Although F(z) needs to be evaluated, F'(z;_1) has been

computed during the previous iteration!

Effective rate of convergence takes cost per iteration into account, as well as speed. Thus secant method is

"effectively” faster than Newton's method.

Bisection Method

Often times, if we start Newton's/Secant method with the wrong initial guess, they will not converge (wrong side of
the hill). Bisection Method however has guaranteed convergence, this is to say that it always finds a root, albeit

slowly.

We need to find an a < b such that F(a) < 0 < F(b) or F(b) < 0 < F(a). This way, there is at least one root of F'in
[a, b]

Assume F(a) < 0 < F(b), we loop until b — a is small enough:
Letm = (a+b)/2.If F(m) < 0 then seta = m, else b=m
Repeat for the interval [m, b] or [a, m]

Then we have linear rate of convergence p = 1,c = % with guaranteed convergence.

Hybrid Method

We can start off with slow reliable methods (e.g. bisection), then switch to a faster one that requires a more accurate

initial guess.

Example: Combine Bisection and Newton's Method

System of Non-Linear Equations

We want to solve F(Z) = 0
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Fy (wl,wz)] _ [4(951)2 +9(x5)? — 1631 — 5dzy + 61] _ {0]

F(z) =
where F(Z) [F2 (21, 2) 0

1o — 23}1 -1

Recall Newton's Method for a single non linear equation where F': R — Rand zy,1 = ) — %
F(zk)
F'(ak)

Then for F : R" — R", 2y, = T} —

Note F'is the Jacobian matrix of F,ie. F’' € R™*"

wia = i — [F ()] F (a)
[F' (2%)] (21 — 7k) = —F (%)

This is simply in the form of some A% = b, a linear system!

This is very expensive! We can use the Pseudo Newton Method by holding the Jacobian matrix fixed for a few

iterations, so that we can reuse the PA = LU factorization. This is alright so long as we are still converging.

Approximation Methods

Truncated Taylor Series

Find Taylor expansion for F(z)

F'(a) F"(a)

F//I(a)
(@ —a)

F(z) = F(a) + 5

(x —a)® +

Approximate it by truncating at n

Interpolation

Find a polynomial p such thatp (z;) = F (z;),i =0,1,2,...

F is the function we are trying to approximate, could simply be a set of data.
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Least Squares

1/2
Find a polynomial p such that p(z) minimizes ||F — p||» = (ff(F(a:) — p(a:))2d;r:)
Other norms we can use for Least Squares approximation:
IF' = plloo = maxacacs [F(2) — p(2)]

IF —plly = [} |F(z) — p(z)|dz

Polynomial Interpolation

Consider P, : the set of all polynomials of degree < n

Itis a function space of dimension n + 1, i.e,, it requires a basis of n + 1 functions.
The most common basis is the monomial basis {z'}” |

Le.it spans P, and the z* are linearly independent (}_" ja;z' =0V z = a; =0V 1)

Note we can shift the basis {(z,)": i =0,1,...,n}

Weierstrass' Theorem (Existence)

If a function F is continuous on an interval [a, b], then for any € > 0, Ip, s.t. ||[F — pcl|,, <€

Le. for any continuous function on a closed interval [a, b], there exists some polynomial that is as close to it as can be.

Numerical Methods for Polynomial Interpolation

3 bases - Monomial, Lagrange, and Newton

Monomial Basis

a.k.a Vandermonde Method or Method of Undetermined Coefficients

Theorem

For any sets: {z; : ¢ = 0,1,...n},{y; : ¢ = 0,1,...,n} for distinct z; s and indistinct y; s
Ap(zx) € Ppstp(zi) =y;,i=0,1,...,n

Proof
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If such p(z) exists, it must be possible to write it as a monomial space polynomial p(z) = >, a;z’
Then we have n + 1 unknowns, {a;},i =0,1,...,n
We need n + 1 equations to solve for the a;'s

We can convert it into a matrix problem with p (z;) = y;,4 =0,1,...n

Vandermonde Matrix

Va=1y
[(20)° (z0)" (0)* ... (20)"] [ao Yo
(1) (z1)' (1)® ... (z)"| |&1 |
[(0)° (za)! (za) ..o (20)"] LOn Yn

The question now reduces to checking whether V is invertible /non-singular.

Vissingulariff 3@ #0st.Va =0

We can return to polynomial problem, we are asking if it's possible for p € P, st. p(z;) =0, =0,1,2,...,n

If phasn + 1roots = p(z;) =0V2z — a=0 = V issingular

But this is impossible as no polynomial in P,, can have n + 1 roots

Alternatively, since {z;} are distinct, we have det(V) = (—1)" " ], H;;é (x; —x;) # 0 = V is non-singular

The Vandermonde matrix proves existence, but it does not lead to the best algorithm - it can be poorly conditioned,

and the PV = LU factorization plus forward/backward solve will be costly.

Lagrange Basis

Consider a simple interpolation problem p (z;) = y;,i = 0,1,...,n
L
Consider the basis {l;(z)} where I;( H i fori= 0,1,.
=0 Ti T Ty

1 i=j

Note, l;(z) € Py, Vi and [; (x;) = {O i

With this basis function, we can write out the interpolating polynomial for free, but it is prohibitively expensive to

evaluate at non-interpolation points

p(z) =37 o li(z)y; = p(z) € Ppandp(z;) =y, =0,1,...,n

P9 /24
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Newton Basis

For simple interpolation p (z;) = y;,¢ = 0,1,...,n, we look for an interpolating p(x) of the form:

p(x)=ap+ar(z—xzo)+as(z—xo) (z—21)+ - F+ap(@—z0)(z—21)... (T — xp_1)

Converting into a matrix, we have

1 0 0 e 0 [ag] [yo]
1 (z1— o) 0 e 0 ai Y1
1 (z2—z0) (22— x0) (w2 —21) --- 0 a| = | Y2
1 (20 — ) . [T (zn —20)] Lan]  Lyn]

This is a lower triangular system, which means there is no factorization involved.

ap = Yo
Y1 — Yo

ag = —
1 — o

Y2—Y1 Y1~ Yo
T2 —T1 L1 —To

a9 =
Lo — XL

We notice a pattern, defined below.

Divided Difference

y[iﬂl] = y(iL‘l) =y

. Y[Tivky - Tivt] — Y [Tivk-1,- .., T
Y[Tivky oo Ti] =
Titk — T4
9[172,371] _y[$1>$0]
€.g. y[wz,wl,l‘o] =
T2 — X0

The polynomial is thus given by

p(z) = y[zo]+

(z — z0)y [z1, T0]+
(z — zo)(z — 1)y [T2, T1, To) + -+ +
(x —20)..- (T — Tp2)y[Tn 1,...,To|+
((E—IEO) (CU—(En 1)y[acn,...,:c0]

Then, p(z) € P, and p (z;) = y;,4 =0,1,...,n
Proof by Induction let p(z) = p,(z)

Basis: n =0
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po(@) = y 2]

po (20) = ylz0] = vo

Basis:n =1

pi(@) = ylao] + (@ — 20)y[as, @0

p1(z0) = y[zo] =50

P (@1) = ylwo] + (21— @0) (L) = yloo] + 91— vo =11

Induction hypothesis

1.p,—1(z) € P,_; is the unique polynomial of degree < n — 1 that satisfies p,,_1(z;) = i, =0,...,n — 1

Pn-1(2) = y[zo] + (z — zo)ylz1, 0] + (T — T0) (2 — Z1)Yy[T2, Z1, 0]+ .. +( — 20) (T — 21)... (T — Tp—2)y[Tn_1,-..,Z0]
2.q(z) € P,_; is the unique polynomial of degree < n — 1 that satisfies ¢(z;) = y;,i = 1,...,n

q(z) = ylz1] + (x — z1)y[za, 1] + (2 — z1)(x — T2)y[T3, T2, 1|+ .. +(T — 21) (T — 22)... (¢ — Tp_1)Y[Tn, - - -, T1]

Note ¢(z) is just p,_1(z) with the data shifted z; — x; 1

Induction step

Consider p,(z) = pp-1(x) + (x — zo)(x — 1)...(x — Tp_1)an
Clearly, p,,(z;) = pn_1(z;) = y; fori =0,1,...,n—1

Need to choose a,, s.t. p,(z,) = yn

(z —z0)g(z) — (2 = Zn)pn-1(2)
LTy — L0

Consider the auxiliary polynomial r(z) =

Then, r(xg) = pn-1(z0) = yo by IH1, and r(z,,) = ¢(x,) = y, by [H2

(i —x0)yi — (i — xn)Yi

and fori=1,2,...,n—1,r(z;) = =y
LTy — L0
Also r(z) € P,, so r(x) is the unique polynomial of degree < n that satisfies r(z;) = y;,1 =0,...,n
If pp(z) = pp_1(z) + (x — zo)(x — x1). .. (z — z,_1)a, also satisfies p,(z;) = y;,7 = 0,...,n, then we must have that
pn(z) = r(z)

Coefficient of ™ in p,,(z) is an

Lp. . L1 — Y Lp-1-..-TL
Coefficient of ™ in r(z) is ylzn- -]~ yl@nr--2o] Y[Tn- .. 2o
Tn — Lo
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Hence a,, = y[z,. .. zo] and p,(z) = pp-1(z) + (2 — zo) (2 — z1)... (x — Tp—1)Y[Tp- .. 20
E.g. Findape€ P3s.t.p(0)=1,p(1) =3,p(2) =9,p(3) =25

Divided difference table

X y[iﬁz] y[iEiH, 331] y[$i+2- .. ZUZ] y[$i+3- .. 331]
0 1 3=l _, 6-2_, 5-2
1-0 2—-0 3—-0
-3 16 — 6
1 3 — = =
2-1 6 3—-1 2
25—-9
2 9 =
55 16
3 25

p(z) = y[zo] + (T — z0)y[T1, T0] + (T — T0) (= — Z1)y[T2, T1, To] + (T — 20)(z — T1)Y[23, T2, T1, To
=1+4+2z+2(z)(z—1)+z(xz—1)(z —2)

Osculatory Interpolation (interpolation with derivatives)

How are divided differences and derivatives related?

z1)—y(zo)

For y [z1, 7o) = & T we have
. . Yy\ri) — Yo
lim y(z1,z0] = lim 1) —viz) _ y' (z0)
10 T1—T0 1 — X
For y[zq, 1, 20| = —y[“”giig?l’“] , we have
. . Y[z, z1] — y[T1, T y" (o)
lim y[z2,z1,20] = lim =
To— T T1—T0 Lo — X 2!
T1—T0
We can show that in general
lm e,z = L F0)
TxTo Y| TkyLl—15---L0 k!
Tr—1—T0
xléxo

Example: Find p € P4 such that
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X y[wz'] y[$i+1, wz’] y[$i+2- .. wz‘] y[$i+3- .- wi] y[$i+4- .- wi]
1-0 1-1 1-0 3—-1
1-0 1-0 0 1-— 2—-0
(1 B0 4—-1
. |4 vy _ y'() _ g
1! 2! 1
y'(1) 5-1
— =4
1 1 T 1 51
6—1
1 1 - =
2—-1 2
2 6

p(z) = y[0] + zy[1,0] + z(z — 1)y[1,1,0] + z(z — 1)%*y[1,1,1,0] 4+ z(z — 1)3y[2,1,1,1,0]
=0+z+a(z—1)>2+z(z—1)°

Error in Polynomial Interpolation

E(z) = y(z) — p(z)
For simple interpolation, p(z;) = y;,4 = 0,1, ..., n, we can show that

n+1 n

E(z) = n+1)' Ha:—a:z)

=

where n € sp{xq,...,zn, x} = [min{z,...,z,, 2}, max {zg,...,z,, 2}]

Runge Phenomenon

Problem of oscillation at the edges of an interval that occurs when interpolating with polynomials of high degree

over a set of equispaced points - going to higher degrees does not always improve accuracy! (ML app: overfitting)

1
Below is the plot of the Runge function f(z) = T o527 interpolated at equidistant z; € [—1,1] s.t

wi:%—l,ie{o,l,...,n}

1.0|

0.8

0.6

0.2

0.0

—0.2

4
~1.0 -0.5 0.0 0.5 1.0
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Solution: piecewise interpolation

Quadrature Rule

Quadrature is a historical term which refers to the process of determining area.
Problem: Approximate some I(F) = f; F(z)dz
Recall: Riemann Sums of a function F'

u—

R(F) = ZF(m) (mi+1 - %'z')

1
=0

~

Composite Rule: Apply a simple formula like above on many short integrals, i.e. f;f F(z)dx

Basic Formulas: based on interpolating quadrature (instead of integrating we determine area using the interpolated

polynomial)

We approximate F'(z) by some p(z) on [a, b] (or [z;, z;4+1]). In Lagrange form, p(z) = > j F(z;)l;(x)

I
=
B
g}

This is the standard form of quadrature rule. The A; are weights, and x; are nodes.
Q(F) is a linear operator. Le. Q(af + g) = aQ(F) + Q(g) for functions f and g

If Q(F) integrates 1, z,z2,...,z" exactly, then Q(F) integrates all polynomials of degree < n exactly.
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Theorem: Existence of Interpolatory Quadrature

Given any set of n + 1 distinct nodes, we can choose the weights A; such that the quadrature rule is exact for all

polynomials of degree < n, moreover A; 's are unique.

Proof Since Q(F) is linear, we need only show Q is exact for {mi}?zo. Le., for each z*, we need to show

- 1
Q") = Y- Aa" = 7 (47 o)

Refer to

This results in n + 1 equations with n + 1 unknowns.

T 1 1 1 ... 1 77147 [ (b—a)/1 |
z 1 Ty ... T A (b2 — a2) /2

(20)® (1) (x2)® -+ (za)’| |A42| = (b° —a®)/3

_(wo)n (ml)n (332)” - (mn)n_ _An_ _(bn+1 _ an+1)/(n + 1)-

We see that the first matrix is simply the transposed Vandermonde Matrix, thus by invertibility, weights are unique.

Definition of Precision

If m is the highest natural number such that @ integrates all polynomials of degree < m, we say the precision of Q

is m.

Notation: I for integral

Midpoint Rule: I(F) ~ Q(F) = M(F) = I (po) = (b— a)F (%)

Note The degree of interpolating polynomial n = 0, but precision is higher (m = 1)
M(z°) = M(1) = (b—a)(1) = I(1)

a+b b2 — a?

M) = (- a)(“10) = T = 1(a)
a 3_a3
M) = (b - a) (120 # 22 = I(a?)

Trapezoid Rule: I(F) ~ Q(F) = T(F) = I (p1) = %5%[F(a) + F(b)]

Note The degree of interpolating polynomial n = 1, precision m = 1

T(z°) = b;a(l—i—l):b—a:I(l)
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b2_ 2

5 (a+b)= 5 = I(z)

2 b—a 5 .9 b —a’ 2
T(2%) = —5—(a" + b)) # —— =I(z")

b—

Simpson's Rule: I(F) ~ Q(F) = S(F) = I (p;) = 25 [F(a) + 4F (&%) + F(b)]
Exercise: Write this in standard form (weight times node)

Note The degree of interpolating polynomial n = 2, precision m =1

S(mo):bga(1+4~|—1):b—a:I(1)
S(at) = b;a(a+4(b+Ta)+b): (b+a)2(b—a) _ b ;a ~ I(a)

5 b—a btay, .o b—a o o 2 2
S(z?) = 5 (a +4(T) +b):T(a +b°+ (b+a)”) # I(z?)

M4+T
Derivation: +

Error in Interpolatory Quadrature
En, =I(F) — Qn(F)
b
~ [ 1F@) - pu(o)da

b F(n+1) (77) n
= / m H (z —z;) |dz < sub in polynomial interpolation error
Y =0

Will interpolatory quadrature rules converge to I(F) asn — 0o ?
Theorem Let F be continuous on [a,b] and Q,(F) = Y"1, AE”)F ((wl)("))
Then lim,, o0 Qu(F) = I(F) <= Fk € R,3: ¥, [ A" <k, vn e N

Question: what about the Runge Phenomenon?
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